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M. A. MiiTpcxJmHOB O. B. PaBCbKnn 

A11POKCHMA1II5I HE11EPEPBHHX OyHKHIll HA nPOCTOPAX OPE- 
IHE 

y CTaTTi po3rji5iHyTO anpoKCHManiio aHajiiTHHHHMH Ta *-aHajriTHHHHMH 
(pymcnrnMH HenepepBHHx (pyHKnin Ha 3JiineHHO HopMOBaHHx npocTopax Openie. 
TaKO>K SHaftfleHO KpHTepift icHyBaHH^ npoflOB^KeHHH HenepepBHoi' cpyHKuii 3 bcio^h 
mijibHoro ni^npocTopy TonojiorinHoro npocTopy Ha Becb npocTip. 

y nHTaHHi anpoKCHMan,ii HenepepBHHx (pyHKuift Ha npocTopi nepnii rpyHTOBtri 
pe3yjibTaTH 6yjiH OTpiiMam me BeiiepniTpaccoM y 1885 poui. IlpoTe, ui ppcmpjKennsi 
CTOcyBajiHCH niflMHO^HH CKiHneHOBHMipHHx npocTopiB. y BHna^Ky fliftcHoro 6aHa- 
xoBoro npocTopy HacTyriHHH iio3hthbhhh pe3yjibTaT OTpHMaHO 51. Kypi^BeftjiOM y 

TeopeMa 1 . Hexau X - cenapa6eAbnuu diucnuu 6anaxie npocmip, u^o donycKae 
po3dijitiHuu noAmoM, G - doeiAbna eidnpuma nidMnootcuna e X. Hexau F 
Henepepenuu onepamop 6U3HaueHuu e G 3% 3uaneHHnMU e doeiAbHOMy 6anaxoeoMy 
npocmopi Y . Todi 3aa doeijibnodo e > icnye maKuu onepamop H, anaAimunnuu 

l£^', e G, mo nepienicmb: 

#. \\F(x)-H(x)\\<e (1) 

euKonyem'bCA 3aa ecix x G G. 

lli3Hinie M. Boico i 11. TaeK y npaui [5] OTpiiMajiH, fljra anpoKCHMauiT piBHOMipHO 
HenepepBHHx (pyHKi^ift Ha fliftcHiix 6aHaxoBHx npocTopax, CHjibHiniHH pe3yjibTaT npii 
niflCHjieHi flo^aTKOBiix yMOB. y 2009 poni y npan,i [2] OTpHMaHO aHajiorn pe3yjibTaTiB 
51. KypHBeftjia Ta M. Boico i 11. TaeKa fljra KOMnjieKCHHx 6aHaxoBHx npocTopiB. 

B flaHiit po6oTi aBTopii, cnnpaiOHHCb Ha nonepeflm pe3yjibTaTH OTpiiMam j\r"a 
6aHaxoBHx npocTopiB, flocjii^JKyiOTb MO>KjiHBicTb anpoKCHMauii HenepepBHHx (pyH- 
KH,ii fljia fle^KHx npocTopiB Openie, npHHOMy ax fljra ^iftcHoro, Tax i fljia KOMiuie- 
KCHoro BnnaflKy 

Hara^aeMO ochobhI 03HaneHH5i. Hexan X Ta Y jiminm npocTopn tra^ R a6o 
C. 



< 



a 



00 



S3 



03HaHeHHH 1 . Bido6paoiceHHA B n , B n : X n — > Y na3ueaembCA *-n-AiniunuM, 
aku^o eono nodaembCA y euzAsidi: 

J^nyKli ••• j "Ski -Kk+li • ■■; •Ek+m) / C-km^kmKp^li • ■■; ^ki ^k-\-li •••■> ^k+mji 

k+m=n 

de 6ido6paoK.enntt B^ m : X k+m — > Y e nenyAboeuM k-AiniunuM eidnocno X{ G X , 
3aa l<i<kENi m-anmuAiniunuM eidnocno Xk+j G X , 3aa 1 < j < m G N. 
Koecfiiyienmu Ck m npuuMawmb 3nauennA a6o 1, aAe npunaiiMHi odne 3naHennA 
Ckm eidMinne eid nyAA, ma n = k + m. 

03HaneHHa 2 . Bido6pacHcennji F n , F n : X — >■ Y na3ueaembCA n-odnopidnuM 
*-noAinoMOM, AKmo icnye *-n-Ainiune eido6paofcennA B n : X n —>■ Y mane, 11^0 



F n (x) = B n (x, ..-,x), djiR ecix x G X. Y eunadny kojiu n = 0, Fq e momoofcnow 
Koncmanmow e Y . 

03HaneHHa 3 . Bido6paofcennA F 3 X e Y , na3ueaembcsi *-nojimoMOM CTenetra 



J, AKWfi 



F — y F n , de F n e n-odnopidnuM *-tiomhomom ma Fj ^ 0. 



n=0 



Hexaii X TonojroriHHHH BeKTopHHH npocTip, Y HopMOBaHHH npocTip. 
03HaHeHHH 4 . Bido6paotcennA F : X — > Y na3ueaembCA ^-anaAimunnuM, akiu,o 

djisi KOCHcnoi mouKU x G X icnye okiji V C X, x G V, maKuii mp F{x) = \_, F n (x), 

00 

de F n e n-odnopidnuMU nenepepenuMU *-nojimoMaMU i pad ^J F n (x) 36izaembCA 

n=0 

pienoMipno e okom V 3a nopMow npocmopy Y. 

IlosHaHHMO Hepe3 7i(X,Y) jiimftHHH npocTip Bcix *-aHajiiTHHHHx Bi^oSpa- 
>KeHB 3 KOMnjieKCHoro HopMOBaHoro npocTopy X b KOMnjieKCHiiii 6aHaxoBHii npo- 
CTip Y. 

JlerKO 6aHHTH, mp 5iklu,o F n nopo^^yiOTBCfl jimiie cpopiviaMH BHrjra^y B^q-, 
to 03HaHeHH5i F n 6yn,e 03HaHeHH5iM nojiiHOMa Ha jiimiiHOMy npocTopi Ta Bi^noBiflHe 
Bi^oSpa^eHtra F, nopo^JKeHe Bi^oGpajKeHtraMH F n: 6yn,e aHajiiTHHHOio cpyHKirieK). 

rio3HaHHMO Hepe3 Ti(X,Y) jimiftHHH npocTip Bcix aHajiiTHHHiix Bi^oGpajKeHB 
3 HopMOBaHoro npocTopy X b 6aHaxoBHii npocTip Y. 

03HaneHHa 5 . *-noAinoM P : X — > C na nopMoeanoMy npocmopi X na3ueae- 
mbcsi po3diAH70HUM *-nojimoMOM, suKuyo: 

1. P(0) = 0. 

2. I P(x) |> 1 3jir K09tcHoso x G X manozo, mo \\x\\ = 1. 

3oKpeMa, 5iklu,o *-nojimoM P e nojiiHOMOM i ^ie 3 fliiicHoro npocTopy X y 

npOCTip R, TO BiH Ha3HBaeTBC5I pOSflijISIIOHHM nOJliHOMOM. 

03HaneHHa 6 . Hexaii X e komuackchum nopMoeanuM npocmopoM. BydeMO zo- 

OO 

eopumu, mp aiynnym Q : X — > C, Q(x) = 2_]Q n (x) Oaa ecix x G X, de Q n (x) 

n=l 

- n-odnopidni *-noAinoMU, e pienoMipno *-anaAimuHHOK> ma po3diAA70H070, aku^o 

eona 3adoeoAbH5ie nacmynnuM yjuoeaM: 

00 

1. Icnye mane hucao Rq, mp pad \^ Qn(x) 36izaembCA pienoMipno e KyAi padiyca 

Rq 3 yenmpoM y doeiAbniu monyi xq G X. 

2. Icnye a G R mane, 10,0 Mnootcuna manux x G X, mo \Q(x)\ < a e nenopootcnbOTO 
ma Aeofcumb y eidnpumiii odununniu KyAi B. 

03HaneHHa 7 . Hexaii X e diucnuM nopMoeanuM npocmopoM. BydeMO soeopumu, 
mo diucna aiynnym Q : X — > R e pienoMipno anaAimunnow i po3diAAwnoK> , AKUip 
eona 3adoeoAbnjie nacmynnuM yMoeaM: 



1. QynKyw Q e diucnow anaAimuunow na X 3 padiycoM 36iotcnocmi Rq x e Kootcniu 
monyi x G X 6ijibwuM a6o pienuM 3a Rq 3ah deAKOdO Rq > 0. 

2. Icnye a Gl mane, mp Mnootcuna maKux x G X mp Q(x) < a e nenopoofcnbow 
ma Aejtcurrib y eidnpumiil odununniu Kyjii B. 

HaM 3n&pp6jisiTbcsi HacTynm ppi Texmnm jieMH. Xona, HaneBHe, i'x flOBe^eiiira 
e Bi^OMHMH, aBTopaM He B^ajiocsi i'x 3HaHTii b jiiTepaTypi, i TOMy, sapa^ii noBHOTH, 

Mil HaBO^HMO flOBe^eHHH DTIX JieM HH>KHe. 

J\jih cpijiBTpa J- Ha TonojiorinHOMy npocTopi nepe3 lim J- mh no3HaHaTHMeMO 
MHC»KHHy Bcix rpamiirb (pijiBTpy J-. 3t\j\ylo 3 [H, 1.6] mh 6yn,eMO Ka3aTH, mo (pijibrp 
T 36waembcsi do uiohku x, 5ikiii,o x G lim J 7 , Ta mo (pijibTp T e 36iotcnuM, 5ikiii,o 
lim .F ^0. 

Hexaii X - - TonojioriHHHH npocTip, Y - peryji^pHHH TonojiorinHHH npocTip, 
D - mijibHa niflMHCo-KHHa npocTopy X 7 g : D —>■ Y Bi^oSpa^eiiira Ta J- - - (pijibrp 
Ha npocTopi X. Hepe3 g{J~) no3HaHHMO (pijibrp Ha npocTopi Y, nopo/p^emm 6a30K» 
{(/(F) : F G J-}, fljra KOJKHoi tohkh x G X Hepe3 J- x no3HaHHMO cjiifl (pijibrpy Bcix 

OKOJliB TOHKI1 X Ha MHOJKIffli D. 

JleMa 1 . Henepepene eido6paotcennA f : D — > Y npodoeotcyembCA do nenepepeno- 
20 eido6paotcenHA f : X —>■ Y modi i Auuie modi, koau dAA doeiAbnoi mouKU x G X 
cfiiAbmp f{F x ) e 36iofCHUM. 

^OBEflEHH^I. Heo6xidmcmb. Hexaii x G X -- ^OBijibHa TOHKa. To/ri, ocKijibKH mj\- 
o6pa>KeHH5i / e HenepepBHHM, 3a TBepfl^KeimaM |U 1.6.10], BHKOHyeTbca BKjuoHemra 



x)i 



f(x) G /(lim T x ) C Iim/(7J = Umf(T x 

OT>Ke (pijibTp f(J- x ) 6 36DKHHM. 

JJocmamnicmb. OcidjibKii npocTip Y e xayc^opcpOBiiM, to, 3a TBepfl^KeHHHM 
|H 1.6.11], fljisi ko>khoi tohkh x G X (pijibrp f (J~ x ) Mae eflHHy rpamnrio. no6yn,yeMO 
BifloSpa^KeHHH /, npiiftiraBiiiH {f(x)} = lim f(J- x ), fljra kco-khoi tohkh x G X. 3a 
HenepepBtricTio f na D MaeMO {f{x)} = limf(T x ) D f(limF x ) = {f(x)}. OT>Ke, 
BifloSpa^KeHH^ / e npoflOB^KeHHHM BifloSpa^Kemra /. 

EloKa>KeMO Tenep HenepepBHicTb Bi^oSpajKeHHa /. Hexafi 1/ - ^OBijibHa He- 
nopo>KH5i Bi^KpHTa niflMHCo-Kima npocTopy Y t& x E f~ l (V). 3a peryjiapHicTio 

npocTopy Y", icHye Bi^KpnTa niflMHCo-Kiiiia C/ Taxa, m,o /(x) G £/ C t/ C V. OcKijib- 

KH lim f(J~x) C U, TO iCHye BiflKpHTHH okui U TOHKH X, TaKHH, 111,0 f(U Pi D) C U . 

Tofli fljiH ko>khoi tohkh x' G C/ Maeivio {/(x')} = lim/(J r :E ') cf/cF. 
D 

TonojioriHHHH npocTip X Ha3iiBaeTbC5i npocmopoM Opeme-ypucona (aiib. Ha- 
npiiKjiafl [H 1.6]), flKiiro N^ flOBijibHoi A <Z X t& flOBijibHoi x G A icHye nocjiiflOB- 
mcTb {x n } tohok mho>khhii A, 36i>KHa flo x. Ko>KeH npocTip 3 nepiiioio aKCiOMOK) 
3JiiHeHHOCTi (a, OT»ce, i KO>KeH MeTpH30BHHft npocTip) e npocTopoM Openie-YpHCOHa 
H 1.6.14]. 

JleMa 2 . Hexaii X - npocmip Qpewe-Ypucona, Y - peeyAApmiu monoAoeinnuu 
npocmip, D - - u^iAbna nidMHOotcima npocmopy X . Henepepene eido6paotcennA f : 



D — ¥ Y npodoeofcyembCA do nenepepenozo eido6paotceHHA f : X — > Y modi i 
Aume modi, koau 3aa doeiAbnoi 36iotcHoi e X nocAidoenocmi {x n } mouoK 3 D 
nocAidoemcmh {f{x n )} meatc e 36iotcHOK>. 

^OBEflEHHH. Heo6xidnicmb. Hexaii x G X - flOBijibHa TOHKa, Ta {x n } C D - 
36hKHa flo x nocjiiflOBHicTb. no3HaHHMO nepe3 S x cpijibrp Ha D 7 nopo^JKeHKH 6a30io 
{{x n : n > m} : m G N}. 3a JleMOio Q] cpijibrp f(J~ x ) e 36dkhhm. Jlerxo 6anHTH, 
mo cpijibrp S x e TOHKiniHM 3a cpijibrp T x . OcidjibKH cpijibrp f(J- x ) e 361>khhm, to 
3a TBepfl^KeHHHM [H 1.6.8], cpijibrp f(S x ) TaKO>K e 361>khhm, i, OTJKe, nocjiiflOBHicTb 

{f{x n )} Te>K e 36i>KHOK). 

JJocmamnicmb. Hexaft x G X - ^OBijibHa TOHKa, Ta {x n } C D - - 36biaia 
flo x nocjiiflOBHicTb. Hexaii nocjiiflOBHicTb {f{x n )} 36iraeTbC5i jj,o tohkh y G Y. 
Mh noKa>KeMO, mp cpijibrp f(J~ x ) Te>K 36iraeTbC5i jj,o tohkh y. ^iftcHO, npnnycTHMO 
npoTHjie>KHe. To/4 icHye TaKHii okIji V tohkh y, mp j\jik /jpBijibHoro OKOJiy U tohkh 
x icHye TOHKa X\j G U D D Taita, mp f{xjj) G Y\V. no3HaHHMO cIm'io Bcix okojhb 
tohkh x Hepe3j\f x i npHHMeivio A = {xu : U G J\f x }- 3 no6ynpBH A BHnjiHBae, mp x G 
A, TOMy icHye nocjiiflOBHicTb tohok {x' n } C A 36bKHa flo x. 3ajraMO nocjiijjpBHicTb 
{x'n} C D HacTyriHHM hhhom, noKjiaBinn x'^ = x n Ta x / 2 / n _ 1 = x^ jjjisi Bcix n G N. 
To/4 nocjiiflOBHicTb {x"} e 36i>KHOio /jp x 7 TOMy, 3a yMOBOK) jieMii, nocjii/j,OBHicTb 

{f{x'n)} Te>K e 36i>KHOK) /J,0 fleHKOl TOHKH £/" G Y\ 3p03yMijIO, IHO nOCJliflOBHiCTb 

if( x n)} e niflnocjiiflOBHicTio nocjii/jpBHOCTi {/(x")}- OcKijibKH {f{x'n)} 36iraeTbCfl 
flo ?/", a {/(#„)} 36iraeTbCH /jp y, to y" = y. Toiviy nocjii/j,OBHicTb {f(x' n )} Te>K 
36iraeTbC5i /jp tohkh y. Ajie, 3a no6yn,OBOio mho>khhh A, {f{x' n )} C y\V, OT>Ke 

y G y\V. IJ,e cynepe^HTb TOMy, ni,o y G V. TaKHM hhhom (pijibTp f(J~ x ) 36iraerbCfl 
flo tohkh y. ToMy, 3a jieMOio [U, BifloSpajKeHHH f : D —>■ Y npoflOB^KyerbCH ^o 
HenepepBHoro BifloSpa^ceHH^ / : X — > Y . 
□ 

TonojioriHHHH npocTip X Ha3HBaeTbC5i ceKeeHii j iaA'bHUM npocmopoM, [4, 1.6] 
5iKiii,o MHO>KHHa i C X 3aMKHeHa TOfli i TijibKH TOfli, kojih pa30M 3 ko>khok> nocjii- 
flOBHicTio BOHa MicTHTb Bci ii rpaHHu,i. Ko>KeH npocTip Openie-YpHCOHa e ceKBeH- 
n,iajibHHM. [U, 1.6.14] 

HacTynHHH npHKjiafl noxasye, 111,0 b jieivii [5] yMOBy "X - npocTip Openie- 
ypncoHa" He MO>KHa nocjia6HTH ,0,0 yMOBH "X - - ceKBeHniajrbHHH npocTip". 

npHKJia,z], 1 Hexaii X - ceKeem^iaAbHuu docKonaAO HopMaAbHuu npocmip 3 npu- 
KAady [I 1.6.19]. To6mo, X = {0} U U£i*<, & *i = (VO U U"^ {7 + )}• 

Todi Xi n Xk = npu i ^ k. Tonojiozin na X nopodztcyembcsi Hacmynnow cu- 
cmeMOW OKOAie. Bci moHKU I + i - - i30Aboeani mouKU npocmopy X. JJaa mouoK 

euzAttdy 4 ei3bM6M0 e AKOcmi cim'i OKOAie ciM'w ecix mhodkuh X{\ U 7 =i2 \ \ + i ^ 

^yiii /c = i 2 ,i 2 + 1, . . . . Hapemmi, e AKOcmi eAeMenmie 6a3u e monvA' ei3t>Me- 
mo eci MHoatcuHu, ompuMatii 3 X euKuddHHAM cKmueHHoi KiAbKocmi HAenie Xi I 
CKinneHHoi niAbnocmi mouoK euzAAdy \ + \ y ecix X i; Kompi 3aAuuiuAucb. 

IIpuuMeMO D = X\({0} UU^jl/i}) i Y = X\{0} ma po3zaahcmo eido6pa- 
cnceHHA f : D — > Y mane, uyo f(x) = x 3aa ecix mouoK x G D. 



Hexau {x n } - doeiAbna 3 nocAidoenicmt tuohok 3 D, 36ioK.ua do tuohku 
x G X . JJesKo noKa3amu, u^o x 7^ 0. OcKiAbKU eido6paMcennn f e momocncniM na 
npocmopi D, mo nocAidoenicmb {f{x n )} meotc 36ijtcna do itiohku x e npocmopi Y . 

IJpunycmuMO menep, u^o icnye nenepepene npodoeotcennA f : X — > Y eid- 
o6pacHceHHJi f . Saq^mcycMO doeiAbne hucjio i G N. HocAidoenicmb {- + 4 : j G 

N, j > i 2 } 36i2aemhCH do tuohku l/i G X. Todi, 3a JieMOW j^ 1.6.15], no- 
cAidoenicmb {f{\ + 7) '■ j £ N, j > i 2 } 36uaembCA do tuohku f(l/i). Ajie, 

ocKijibKU yji nocAidoenicmb Mae eduny zpanuyw e npocmopi Y , mo f{l/i) = l/i. 
3acmocyeMO JieMy J^ 1.6.15] do nocAidoenocmi {l/i} C X. OmpuMaeMO, 111,0 

X\m.{f{l/i)} D f(lim{l/i}) = {/(0)}. Aac ye ncMowcAueo, 60 nocAidoenicmb 
{l/i} He e 36iotcHOK) e npocmopi Y . L(a cynepennicmb noKa3ye, m,o ne icnye nene- 
pepenozo npodoeotcennn eido6paotcenHA f na npocmip X . 

HacTynHa jieMa flOBe/jpHa y npaui [4, 4.3.17]. 

JleMa 3 Hexau (X, p) ■ Mempunnuu npocmip, (Y, a) noenuu Mempunnuu 
npocmip, D ut^Abua nidMnocncuna npocmopy X. Todi Kocnene eido6paMcennn 
f : D — > Y ' , pienoMipno nenepepene eidnocuo p ma o , npodoeotcyembCA do eid- 
o6paofcenuA f : X — > Y , pienoMipno nenepepenoso eidnocno p ma a. 

3ayBa>KHMO, mp icHyiOTb HenepepBtri cpyHKijii, mp 3ajj,OBOJibH5iK)Tb yMOBaM 
jieMiiE], ajie He e piBHOMipHO HenepepBHHMH. HanpHKjia/j,, (pymtHm f(x) = -, mp flie 
3i BCioflH mijibHoi' niflMHOJKHHH R + b R + npo,i],OB>KyeTbCH Ha Bee R + Ta sajjpBOJibHsie 
yMOBaM jieMH E], ajie He e piBHOMipHO HenepepBHOK). 

Hara^aeMO, mp jiimHHHH TonojiorinHHH npocTip X e npocTopoM Openie, hkiho 

X e MeTpH30BHHM nOBHOK) MeTpHKOK) JIOKajIbHO OnyKJIHM npOCTOpOM. BiflOMO, m,o 

n,e 03HaneHH5i eKBiBajieHTHO /jp HaflBHoeri Ha X 3JiineHHoi cncTeMH HaniBHopM 
{Pn}neNi ^ K i 3ajj,aiOTb noBHy MeTpHKy p Ha X TaKHM cnoco6oM [3]: 

p(x,y) = Y±- * n{x 7 v) r . (2) 

V } ^2-l+p^x-y) V ; 

Tonojioria, mp nopofl^KyeTbca MeTpHKOK) p Ha npocTopi X, e Hancjia6nioio 
Tonojiorieio BiflHOCHO 5ikoi Bci HaniBHopMH p n e HenepepBHHMH. Ba3y okojhb Hyjra 
Hiei Tonojiorii' yTBopioe cIm'h {U Pn (0) : n G N}, fle U Pn (0) = {x G X : pt{x) < 
- fljia Bcix 1 ^ k ^ n}. ripn n,bOMy nocjiiflOBHicTb {x n : n G N} tohok npoeropy 
X np^Mye j\o tohkh xq G X TO^i i jinnie TO^i, kojih j\jik ^OBijibHoro k G N, nocjii- 
flOBHicTb {pk{x n — xq) \ Ti G N} npsiMye ,11,0 HyjiH, kojih n np^Mye jj,o HecKiHHeHHOCTi. 
,Hjih HopMOBaHoro npocTopy Y" (pyHKH,i5i / : I -)7 e HenepepBHOK) b TOHH,i xo, 
5ikhi,o fljia flOBijibHoi nocjiiflOBHOCTi {x n } C X, mp np^Mye jj,o xo nocjii^OBHicTb 
{f(x n )} C Y np^Mye ao f(x ). 

HacTynHe TBepfl^eHHH e flOBefleHHM y jiiTepaTypi. 

TBep^xceHHH 1 . Hexau npocmip X e npocmopoM Qpewe 3 cucmeMOto nanienopM 
{Pn}neN, & Y 6anaxoeuM npocmopoM. QynKyiA f : X — )• Y e nenepepenow e monyi 
xq G X, akuj^o icnye k G N maKe, u^o f nenepepena eidnocno nanienopMU pk- 
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3acpiKcyeM0 HaniBHopiviy p n Ha X. Bi/rpMO, mp kerp n e 3aMKHeroiM jiimHHHM 
niflnpocTopoM. E[o3HaHHMO nepe3 X n nonoBHeHHH <paKrop npocTopy X/keip n . Y 
BHna^Ky kojih p n e HopMaMH X = X/keip n Ta (paKTop HopMa cniBna^ae 3 p n . 

IlpHnycTHMO, mp npocTip X e cenapa6ejiBHHM Ta /yra ^OBijiBHoro X n icHye 
posflijiHiOHHH nojiiHOM (posflijiaiOHa piBHOMipHO atrajriTHHHa (pyHKijm). Hh 6yn,e 
BnnjiHBaTH 3 hhx yMOB, mp KO>KHa HenepepBHa (piBHOMipHO HenepepBHa) (pyHKHm 
anpoKCHMyeTBCH aHajiiTHHHHMH Ha XI HnjKHe mh flaeMO nacTKOBy Bi^noBiflB Ha n,i 
nHTaHHH. 

TeopeMa 2 . Hexau npocmip X e cenapa6eAbnuM diucnuM npocmopoM Opeuie 
3i 3AineHH0K> cucmeMow nopM {p n }neN, & Y ' 6anaxoeuM npocmopoM. Hexau 
3aa doeijihHozo n G N npocmip X n = (X,p n ) donycnae po3diAAK>uuu nojiinoM. 
Todi KOQtcna (jjyHKuisi f : X — > Y , djin akoi icnye k G N, u^o 3aa doeiAbno'i 
cfjyndaMenmaAbnoi nocAidoenocmi monoK {x n } e Xk, nocAidoenicmb {f{x n )} C Y 
e 36iDfCHOK>, Ha6jiuQfcaem'bCfi anaAimuunuMU pienoMipno na ecbOMy X . 

^OBEflEHH^I. OcKijIBKH flJIfl flOBijIBHOl CpyHflaMeHTajIBHOl nOCJliflOBHOCTi TOHOK 

{x n } b Xfc, nocjiiflOBHicTB {f{x n )} C Y e 36i>KHOK», to (pyHKHm / e HenepepB- 
hok) Ha npocTopi Xk, a OT>Ke 3a TBep/p-KeHH^M CD i Ha npocTopi X. 3ayBa>KHMO, 
mp hkhjo npocTip Xk = (X, pk) He e 6aHaxoBHM npocTopoM, to BiH HenoBHHft Bifl- 

HOCHO HOpMH Pk- OcKijIBKH p n 6 CHCTeMOK) HOpM, TO flJIfl flOBijIBHOrO Jl G N HOCH 

npocTopiB X n Ta X cniBnaflaiOTB. rionoBHHMO npocTip Xk BiflHOCHO hopmh pk j\o 
6aHaxoBoro npocTopy Xk- To^i, ocKijiBKH Xk e ihjjibhhm b Xk-, i Xk ,n,onycKae po3- 
flijiaiOHHH nojiiHOM, to Xk Te>K flonycKae posflijraiOHHH nojiiHOM. 3 yMOB TeopeMH, 
m,ijiBHOCTi Xk b X Ta 3a jieMOio El icHye HenepepBHe npoflOBJKeHHA / Bi^oSpajKeHira 
/ Ha npocTip Xk- 3a TeopeMOK) KypnBeHjia OD cpyHKirm / piBHOMipHO Ha6jiH>KaeTBC5i 

nOCJliflOBHiCTK) aHajliTHHHHX (pyHKHJH {fm} Ha npOCTOpi Xk- 3By>KeHH5I f m (pyHKH,i'i 

f m Ha npocTip Xk fljra ^OBijiBHoro m G N e aHajiiTHHHHM 3a 03HaHeHHHM. Toiviy 

(pyHKH,iH / piBHOMipHO Ha6jIH>KaeTBCH nOCJliflOBmCTK) {f m } aHajHTHHHHX (pyHKHlH 

Ha npocTopi Xk- Jlerxo 6anHTH, mp BifloGpa^KeHHH f m e aHajiiTHHHHM Ha npocTopi 

X, a OT>Ke (pyHKHm / piBHOMipHO Ha6jIH)KaeTBC5I nOCJliflOBmCTK) {fm} aHajHTHHHHX 

(pyHKH,iH Ha npocTopi X. 

□ 

TeopeMa 3 . Hexau npocmip X e cenapa6eAbHUM diucnuM npocmopoM Opeuie 3% 
3AiHeHH070 cucmeMow HopM {p n }neN, a Y ~ 6anaxoeuM npocmopoM. Hexau 3aa 
doeiAbHOdo n G N, npocmip X n = (X,p n ) donycnae pienoMipno anaAimunny i 
po3diAMOuy gjyHKyiio. Todi Kootcna pienoMipno nenepepena aiynnyiA f : X — > Y 
na6AU0icaembCA anaAimuunuMU pienoMipno na ecbOMy X, aku^o icnye fcGN, ux,o 
f e pienoMipno nenepepenow na Xk- 

floBe^eHHfl Hiei' TeopeMH e aHajiorinHHM j\o flOBefleHHH nonepe^HBOi TeopeMH, 
TijiBKH 3aMicTB jieMH [21 mh BHKopHCTOByeMO jieMy[3]Ta 3aMicTB TeopeMH Kypn,BeHjia 
[T]mh BHKopHCTOByeMO ochobhhh pe3yjiBTaT M. Boico i n. Taexa [51 TeopeMy 1, CTop. 
83]. 

D 
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3ayBa>KHM0, mp y Teopeivii E] BHMory piBHOMipHoi' HenepepBHOCTi / MO>KHa 

OnyCTHTH. 

AHajiori^HO, crmpaiOHHCb Ha JieMH [21 Ta pe3yjibTaTH po6oth [2] MOJKHa ,0,0- 
BecTH flBi HacTynHi TeopeMii. 

TeopeMa 4 . Hexau npocmip X e cenapa6eAbuuM komuackchum npocmopoM 0pe- 
uie 3i 3JiineHH0K> cucmeMow uopM {p n }neN, &Y - 6auaxoeuM npocmopoM. Hexau 
djisi doeiAbuoso n G N, X n = (X,p n ) donycKae po3diAAK>nuu *-noAiuoM. Todi ko- 
ztcua cfiyuKyiA f : X — > Y mana, mp icuye fcEM, maKe u^o 3aa doeiAbuoi' aiyu- 
daMeumaAbuoi nocAidoeuocmi ttiohok {x n } e Xk, nocAidoeuicmb {f{x n )} C Y e 
36i9fCH0K) ua6AucHcaembCA *-anaAimuuuuMU pieuoMipuo ua ecbOMy X. 

TeopeMa 5 . Hexau npocmip X e cenapa6eAbuuM komuackchum npocmopoM Qpe- 
me, 3i 3AiHeHHow cucmeMow nopM {p n }neN, a Y ~ 6auaxo6UM npocmopoM. He- 
xau 3aa doeiAbuozo n G N, X n = (X,p n ) donycnae pieuoMipuo *-auaAimuHuy ma 
po3di/iH70Hy ajyuKyiw. Todi nowcua pieuoMipuo uenepepeua cfiyuKyiA f : X — > Y 
Ha6AU9tcaembCA *-auaAimunuuMU pieuoMipuo ua ecbOMy X, aku^o icuye k G N, 
maKe uip f e pieuoMipuo uenepepeuow ua Xk . 

Pe3yjibTaTH TeopeM 2] (J2j) MO)KHa y3arajibHHTH HacTyriHHM hhhom. 

3ayBaxceHHH 1 Hexau npocmopu X ma Y mani ak y meopeMax (0|). Hepe3 
C(X, Y) mu no3uanuMO npocmip uenepepeuux aiyuKyiu 3 npocmopy X y npo- 
cmip Y , uadiAeuuu monoAOdiew pieuoMipuoi 36iotcuocmi. 3aMUKauuA H(X, Y) 
(H(X, Y))npocmopy H(X, Y) (H(X, Y)) y npocmopi C(X, Y) --ye Aiuiuuuu npo- 
cmip ecix uenepepeuux ajyuKyiu 3 npocmopy X y npocmip Y , aki e pieuoMipuo 
anpoKCUMoeuuMU *-auaAimuHHUMU (auaAimuuuuMu) cjjyunyiAMU 3 npocmopy X 
y npocmip Y . 

Hexau 3aa ecix k G N ua npocmopi Xk = (X,pk) icuye po3diAA70Huu 
noAiuoM. 3aajmcycMO doeiAbuuu iudenc k G N. Hepe3 C(Xk,Y) C C(X,Y) 
mu no3uauuMO Aiuiuuuu npocmip uenepepeuux aiyuKyiu 3 npocmopy Xk y npo- 
cmip Y , Ani npodoeotcymbCA do uenepepeuux cfJyuKyiu 3 nonoeueuuA Xk uopMO- 
eauoso npocmopy Xk y npocmip Y . 3a meopeMaMu\Q (0|) C(Xk,Y) C H(X,Y) 
(C(Xk,Y) C 7{(X,Y)). Hepe3 C(X,Y) no3uauuMO 3aMUKauuA Aiuiuuozo nidnpo- 
cmopy, nopodztceuoso mhochcuhojo |J{C(Xfc, Y) : k G N} y npocmopi C(X, Y). Todi 
C(X, Y) c H(X,Y) (C(X, Y) c H(X,Y)). 

flp HaBe^eHoro y npiiKjia^i 4 npaui [U 3.5.3] 3JiiHeHO-rijib6epTOBoro npoeropy 
niBHflKOcnaflHHx nocjiiflOBHOCTen 3 CHCTeMOK) HopM {H^llfe : k G N}, ^e \\x\\k = 

(SnLi n k %n) 2 1 MH MO>KeMO 3acTOcyBaTH nonepe^m TeopeMH. OcKijibKH D;eH npocrip 
He e 6aHaxoBHM, to b po6oTi SHaftfleHO HOBi npocTopn, Ha hkhx HenepepBHi (pyHKH,ii 
neBHoro BHrjrafly flonycKaiOTb piBHOMipHy anpoKCHMan,iio aHajiiTHHHHMH. 

HacTyriHHH npHKjiafl noxasye HeTpHBiajibHicTb jiiHiiiHoro npoeropy C(X, Y). 

IlpHKJia,!!, 2 . Hexau X - npocmip Opeuie, uip ne e 6auaxoeuM, 3 monoAozieio, 
3adauoK> cucmeMow uopM {p n }- Hexau f(x) = p(x,0) 3aa ecix x G X de p ■ 
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MempuKa na npocmopi X, eu3naueHa cfjopMyAow (0|). 3a nodydoeow, f G C(X, ]R). 
IIpunycmuMO, lyo icnye indenc k G N maKuu, m,o f G C(X&,R). Ockijikku 
npocmip X ne e 6anaxoeuM, monoAosiA Qpewe na X cmposo cuAbnima 3a mo- 
noAoeiw 3adany nopMOw pk- Omatce icnye mane hucjio e > 0, mo Mnootcuna 
{x G X : p{x,0) < e} = f~ l (— oo,e) ne Micmumb otcodnodo eidnpumozo e 
Xk onojiy nyAA, v^o cynepenumb nenepepenocmi cfiynKyii f na npocmopi Xj~. 

HaBe^eMO npiiKjiafl, hkhh noKa3ye cyTTeBicTb yMOBH jiOKajibHoi' onyKjiocTi 
fljia anpoKCHMaijii HenepepBHHx (pyHKirii. 

npHKJia,n, 3 Hexaii X - ye npocmip L p [0, 1] de < p < 1. MempuKa na X 
3adaembcn y nacmynnuu cnoci6: 



p(x,y)=N \f(t)-g(t)\>db 



i/p 



BidoMO, mo eidnocno Mempunu p npocmip X e noenuM, ajie ne Jionajibno onynAUM. 
3oKpeMa na ybOMy npocmopi ne icnye otcodnozo nenyjiboeozo jiiniunodo nenepepe- 
noso (jjynKyionaAy (due. /3J/ ; cmop. 44, 49)- Omotce na X ne icnye otcodnoi anaAi- 
muHHo'i cfjynKyii eidMinnoi eid cmaAo'i (6o noxidna Qpeme anaAimuunoi aiynnyii e 
AiniunuM nenepepenuM a^ynnyionaAOM) . 3 inuiozo 6oKy, na X icnywmb nenepepe- 
ni ne cmaAi aiynnyii, nanpuKAad F(f) = p(0,f), AKi, omotce, ne na6AUCHcawmbCA 
anaAimuunuMU. 

Abtoph BHCjiOBjiioiOTb BflHHHicTb Tapacy BaHaxy Ta AH/rpiio Saropo^HiOKy, 
3a ynacTb y oGroBopemri CTaTri. 
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AnnP0KCHMAU,H5I HEIIPEPblBHblX OYHKI^HH HA IIPOCTPAHC- 
TBAX OPEIHE 

B CTaTbe paccMOTpeHa annpoKCHMaiuM aHajiHrnuecKHMH h *- 

aHajIHTHHeCKHMH (pyHKIIHHMH HenpepblBHblX (pyHKIIHH Ha CHeTHO HOpMHpOBa- 

Hbix npocTpaHCTBax Opeme. Hansen KpHTepnn cym,ecTBOBaHH5i npoflOJDKeHira 
HenpepbiBHoii cpyHKiinn c Bcio^y njiOTHoro no^npocTpaHCTBa TonojiornuecKoro 
npocTpaHCTBa Ha Bee npocTpaHCTBO. 

M. A. Mytrofanov A. V. Ravsky 

APPROXIMATION OF CONTINUOUS FUNCTIONS ON FRECHET 
SPACES 

We consider approximations of a continuous function on a countable normed 
Frechet space by analytic and *-analytic. Also we found a criterium of the existence 
of an extension of a continuous function from a dense subspace of a topological space 
onto the space. 

Ih-t npnKji. npo6jieM MexamKH i MaTeiviaTHKH 
iM. 51. C. niflCTpnraua HAH YKpamn, JIbBiB 



